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For the three U.S. underground tests in granite, the particle

velocity was measured in the free field as a function of the distance

from the shot point. In each case, numerical simulations using

continuum mechanics with strength values measured in the

laboratory have failed to predict the velocity pulse width to within a

factor of about 5 (Rimer et al., 1987). Models which prodi t the

observed pulse-width all require a large reduction in the post-shock

strength to values well below those measured in the laboratory -

even for heavily pre-fractured samples.

The physical mechanism responsible for the post-shock

weakening has not been clear. Cherry and Rimer(1982) invoked an

"effective stress" mechanism in which the free crack and pore space

is eliminated during the initial compression. Fluids in the remaining

saturated cracks are compressed to high pressures and support part

of the confining stress, thereby reducing the failure stress behind the

shock-front. However, Scholz (1982) has argued that dilatancy

hardening is expected to override any weakening produced by theLI



effective stress effect.

Russian scientists (Zamyshlyayev et al., 1980) have also shown

that post-shock weakening can produce the pulse-broadening

observed in the Hard Hat explosion, but their proposed mechanism is

quite different. They attribute weakening to 'the time dependent

growth of cracks behind the shock front. They also assert that shear

deformation behind the. shock front produces a rotation of the blocks

of rock between fractures and results in dilatancy. Based on their

modeling, they conclude that post-shock weakening and dilatancy

contribute equally to the observed pulse shape. The proposed

weakening is shown in Figure 1 (from their paper).

Our explanation of weakening is, in principal, the same as that

proposed by Zamyshlyayev et al. (1980), except that our model is

based on the micromechanics of crack growth under compressive

loading. As illustrated in Figure 2, we model the activation of

preexisting cracks and joints (of length a) by the explosive pressure

pulse. By formulating the rheology in terms of the basic physics of

crack nucleation, growth, and interaction, the effects of variables

such as porosity, water saturation, and the density and orientation of

preexisting cracks and joints can be included in the model. This

type of formulation is known as a "damage mechanics". The state of

crack growth at any time is represented as a damage vector. As

stress increases, damage accumulates, the elastic stiffness decreases,

and the stress-strain relation becomes non-linear. At large values of

the damage, the growing fractures interact, and damage

accumulation is accelerated. A peak stress is achieved after which

the strength decreases with additional strain.
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Figure j* Post-Shock weakening Path fromn ZamYshlyay 
eY 2 .(1980). 'Y 1  is the strength of the unda a ed r c a d

el is the strength of the damlaged rock ThM a hed pk athrepresents the strength reductio W -h eiche Ptcrack growth.'nWihaclaie
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In the following we review our damage mechanics model

(Ashby and Sammis, 1989; appended) and show that it gives a good

description of the failure surfaces of a wide variety of rocks with a

very small number of adjustable parameters. We then use the

damage mechanics to interpret a series of laboratory simulations in

granite. Finally, we use a simple one-dimensional calculation to show

how a damage mechanics rheology can produce significant pulse

broadening.

DAMAGE MEHANlCS

We now briefly review our damage mechanics formulation by

outlining the key results. The details are given in the appended

paper (Ashby and Sammis, 1989) which is in press in PAGEOPH.

Crack Initiation

Most brittle solids contain inhonogencgtie: small holes or

cracks, particles which are poorly bonded, or phases which have

different moduli or strengths from those of the matrix. Any one of

these can act as nuclei for new cracks when the solid is loaded.

The range of possible nuclei is wide, but the spectrum of their

characteristics is probably bracketed by two extremes: the spherical

hole and the sharp inclined crack. Both have been studied

experimentally and both have been modeled, the first by Sammis

and Ashby (1986) and the second by Nemat-Nasser and Horii (1982)

and Ashby and Hallam (1986). In both cases, the criterion for crack

initiation, under axisymmetric loading has the form

4



G1=c 1a 3 - a(1)

where cl and ao arc material properties, 0ai is the axial stress, and

a2=a3 the radial stress (both positive when tensile, negative when

compressive).

In this paper we consider the growth o crack-damage from

initial, inclined cracks as in Figure 2. For this case (Nemat-Nasser

and Horii, 1982; Ashby and Hallam, 1986) cracks initiate when

1 )

G + -2), + gj pF Kc(
a = " a 3  - (2)

where I is the coefficient of friction acting across tht crack faces, KIc

is the fracture toughness of the material through which the new

crack propagates, and 2a is the length of the original inclined crack.

Rocks, typically, show a coefficient of friction of about 0.6, in which

case Ci = 3.1 and ao0 = 3.1 Kc/4'V a. Crack initiation from holes

(Sammis and Ashby, 1986) gives similar values.

Equation (2) was shown by Ashby and Sammis (1989) to give

an adequate description of triaxial data for a wide range of rock-

types. It is used to describe the initiation of damage in the diagrams

shown later. In each case, experimental data are fitted to eqn. (2) to

give gt and a (using published data for KIc). Results of this analysis

are summarized in Table 1. In the computations, it is convenient to

normalize the equations by the quantity K 1c/[na , giving

5



2a

Figure 2. The out-of-plane extension of a pre-existing

fracture in an explosion-generated stress field. The

wing-cracks have grown to a length I.

6



SI=c 1 S3 -So (3)

with
SI =a f 'a/K. (4)

S3= 3 5f-a/Kic

= r3 2

Crack Growth and int .azIm

Once initiated, the wing cracks (as we shall call the crack-like

extensions of the original flaw) grow longer. During growth, the

stress intensity KI at the tip of each wing crack is equal to, or

exceeds, the fracture toughness KIc of the solid. The condition for

crack advance is simply

KI ;- KIc

The difference between tension and compression is that growth in

compression is stable: each increment of crack advance requires an

increment of load, at least until the cracks start to interact strongly.

For the 3-D case in which the flaws and wing cracks are

entirely contained within the material, Ashby and Sammis (1989)

calculated K. at the tip of the wing cracks to arrive at the fo!lowing

expression which relates the length of the wi,,g cracks to the applied

stresses

7
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((D1310 CD013 13121 1)
C2 -' 0") (C31 (c D"x&' ) 0 ((UO

1 +C3Do 23 f( 1/ )S' =-

(5)

where Sl and S3 a;re defined by equation (4). The v4-lues of the

constants are:

Ci={ +g2) '- + I (6)

C2  7Trc a 14) 1_ L

C3 =2

f3 = 0.1

The preexisting damage, Do, and the current damage, D, are defined

9



as

Do 3
Do1.i(caa) Ny (7)

4 3

where I is the length of the growing wing-cracks and Ny is the

number of initial cracks of length a per unit volume.

Figures 3 and 4 illustrate some features of the res, .. s. The

axial stress at first rises as damage grows (Figure 3), passing through

a peak which shifts to higher values of damage as the confining

pressure increases. Thc damage surface, shown in Figure 4, is almost

i cone meaning that, to a first approximation, the failure envelope is

described by

ca = C3 - C (8)

where C is a constant znd ac is the unconfined compressive strength.

The value of the model is that it gives a physical interpretation to C

and ac , and relates them to the initial Uama,., ine coefficient of

friction, and the crack size.

Analysis of Dat,

The strength of many different rocks have been determined

under triaxial loading conditions ( Ioll > I121 = lk31, where all three

principal stresses are compressive) . For a few, the initiation of

10
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Figuire 3. The dependence of axial stress on damage a

predicted by equations (5) - (7). The peak stress is

marked. We take this as the failure. stress.
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Figure 4. The peak value of axial stress plotted against the

confining stress to show the failu-re surface. In this

formulation, damage is a state variable.

1v
&.



microcracking has also been determined. Ashby and Sammis (1989)

applied the damage mechanics model developed above to nitre

different rock types for which the most complete data sets exist

granite, aplite, dunite, eclogite, gabbro, sandstone, limestone, marble

and rock salt. These rocks represent a wide range of composition

and initial damage. Granite, aplite, dunite and eclogite are low

porosity, crystalline, igneous rocks in which the initial damage is

mostly in the form of low aspect cracks. Limestone and sandstone

are porous sedimentary rocks in which the initial damage is mostly

in the form of high aspect pores. Marble is a metamorphic rock with

initial damage of a form intermediate between the previous two

extremes. These rocks also span a wide range of yield strengths.

The igneous rocks have yield strengths in excess of 2 GPa while the

calcareous rocks (limestone and marble) yield at stresses below I

GPa. Rock salt is at the low extreme with a yield strength below 100

MPa.

The damage mechanics model formulated above has three

constants: g , ca, and P3. They are not strictly adjustable because the

theory makes predictions for their values. However because of

approximations in the derivation, and the uncertainties in the aspect

ratio of the starter flaws, we have treated 03 as adjustable, choosing

the value 0.45 to give the best fit to the data.

For those materials where crack initiation data are available,

the crack length 2a and the coefficient of friction gt are determined

from the initiation surface using eqn. (2). KIC is also required.

Although KIc may be estimated for most rocks (Atkinson and

Meredith, 1987), the starter flaw size is not known in most cases

13



and nmust be treated as an adjustable parameter. The derivation of

the fundamental equations gives C3 = 2, and this gives a good

description of the materials we have examined.

As an example, the triaxial data for damage initiation and

failure in Westerly granite are presented on plots of 01 vs 03 in

Figure 5. The theoretical fracture initiation surface (eqn. 2), surfaces

of constant damage, and the failure surface (calculated from the

maximum of eqn. (5) for each value of 03 ) are plotted on these

graphs for comparison with the data.

As the confining pressure is increased, brittle fracture is made

increasingly difficult. A critical pressure may be reached at which

true plasticity replaces crack extension. This transition can be

illustrated by plotting a yield (or creep) surface, defined by:

% =)+(02a3) +(Cr' )2] (9)

Tile yield surface is plotted as a pair of heavy broken lines on the

figure The yield strength, ay, can be derived from hardness, H, data

since cy = 11/3. Figure 5a shows theoretical surfaces for initiation,

constant damage, rind failure at low values of the confining stress.

The fracture initiation data from Brace et al. (1966) were determined

from the onset of non-linear behavior of the volume strain. Only

data taken at the highest loading rate are plotted here in order to

minimize effects of subcritical crack growth (which we do not model).

The three initiation points from Holcomb and Costin (1986) were

determined from the onset of acoustic emission (AE) in a previously

14
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Figure Sa. Comparison between experimental and theoretical

failure surfaces for granite at low and intermediate

confining stress. Data and theory for microfracture

initiation and surfaces of constant damage are also

compared.
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measured confining stress. The yield surface (equation 9)

s also plotted as the heavy broken Jnes.
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unstressed sample. Also shown is a surface of constant damage

mapped by Holcomb and Costin (1986) using the AE Kaiser effect as a

probe. The triaxiql failure data are from Brace et at.. (1966) and

Mogi (1966).

Figure 5b shows the failure surface extended out to large

values of the confining stress where it intersects the yield surface.

Data at low and intermediate confining pressures are from the same

sources as in Figure 5a. Those at high confining pressures are from

Schock and Heard (1974) for Westerly granite and from Shimada

(1981) for Man-nari granite (grain size 1-3 mm, apparent porosity:

0.7%). It is evident that the failure surface has considerable

curvature and deviates from our theoretical model at high confining

pressures. Although Janach and Guex (1980) have modeled this

curvature in terms of the formation of shear bubbles at the grain

boundaries, Figure 5b supports the possibility that the curvature is

due to a gradual transition to ductile behavior. Analogous curvature

is evident in figures for limestone, marble, and NaCi (Ashby and

Sammis, 1989) which are known to exhibit ductile behavior at

moderate confining pressure, although the curvature in these rocks

occurs over a more limited pressure range. The broader transition in

granite may reflect its multimineralic composition for which the

individual minerals have different brittle - ductile transition

pressures. Note that the two granites show different transitional

behavior at intermediate pressures, but that both approach the same

ductile limit. Schock and Heard's observation that the stress- strain

curve is linear to failure may be due to the convergence of the

initiation and failure surfaces at very high confining pressures in

17



Figure 5b. The sudden release of energy and shear localization at

failure do not preclude stress concentration by ductile processes in

the weaker minerals.

APPLICATION TO LABORATORY SIMULATIONS IN GRANITE

The damage mechanics approach may be used to interpret the

results of a Tecent set of laboratory simulations in granite which

were designed to investigate the pulse-broadening observed in the

field (Nagy and Florence, 1986). The results of these experiments

are st mmarized in Table 2.

TABLE 2 : LABORATORY SIMULATIONS

Sample Description

As received (dry) ....................................................... N arrow
(w et) ...................................................... N arrow

Thermally fractured (dry) ..................................... Narrow
(wet) ........................................ N arrow

Gas fractured (dry) .................................................... N arrow
(wet) ...................................................... Slightly w ider

(2-3x)

The gas fractured samples were the most extensively fractured,

and probably had the largest fractures since they were barely

cohesive. Only these samples which contained water showed any

pulse broadening. All other cases produced a narrow pulse in

agreement with numerical predictions based on strength parameters

measured in the laboratory.

18



We interpret the lack of pulse broadening in these simulations

to be the consequence of a scaling effect which is inherent in the

physics of crack growth. The stress necessary to nucleate and extend

out-of-plane crack growth scales as the inverse square root of the

initial flaw size. Since the maximum initial flaw size in the

simulations is limited by the sample dimensions, the experimental

results can be explained if these flaws are too short to be activated at

the stress levels in the laboratory explosion.

Although quantitative verification of this explanation will

require a full numerical simulation (which is in progress), the

following approximate calculation illustrates the point. Consider the

stress pulse at a distance of 204 m from the Piledriver explosion

shown in Figure 6. This pulse was calculated by Rimer et al. (1987)

using laboratory strength data for granite. At the stress peak, Orr

334 MPa and roo = 135 MPa. Equations (5) and (6) were used to

calculate the crack growth under this str-ss state and the results are

shown in Figure 7a. For the dry case, it is expected that g=0.6. For

the saturated case, it is assumed that the water will hold the cracks

open and p.= 0 . For either value of p., the hoop stress is large enough

that significant crack growth does not occur.

After the peak, the stresses fall to values of Orr = 33 MPa and

coo = 2 MPa. Crack growth under these conditions is shown in Figure

7b. Note that in the dr,' case, cracks larger than about one meter

show significant grow&. Hence a model simulation using a sample

with dimensions approximately equal to or smaller than one meter

would not show weakening. For the wet case, cracks larger than

about one centimeter show significant growth. Hence a meter size

19



sample might be expected to show some weakening effects if it were

saturated. This is in agreement with the experimental observations

summarized in Table 2.

SEISMIC PULSE BROADENING ASSOCIATED WITH FRACTURE DAMAGE

Equation (5) relates the current damage D to the state of stress.

It can be used to generate a stress-strain curve if the elastic modulus

is also known as a function of the damage. Sammis and Ashby

(1986) show how the tangent moduli can be evaluated from the

stress i.4nsity factor to yield the following expressions for the

radial modulus Er and the axial modulus Ea

•j=EO(1-D) (10)

E, 1 2 I 1 (11)

where

Stress-strain curves calculated using equations (5) and (10) -

(12) have the general form shown in Figure 8c. As the rock is

loaded, the microcracks extend out-of-plane as discussed above, that

is, their length increases from L0 to LI Crack growth and

interaction produce a nonlinear stress-strain path. When the rock is

unloaded, growth stops, and the crack length remains at LI during

the unloading process. If the rock as a whole still behaves as an

elastic body, then we have al= E(LI) e for the unloading process.

20



Mean

0 0.2 0.4 0.6 0.8 1
time (sac)

Figure 6. Stress pulse at a distance of 204 m. from the

Piledriver explosion calculated by Rimer et al. (1987)

using laboratory strength parameters for gr'anite.

21



I' T 01T)

Radial Stress - 334 MPa
Hoop Stress -135 MAPa

0

C
* 2

1 10 100 1000 10000 100000 1000000

Flaw Size, a (mm)

(b)
4

Radial Stress .-33 MPa
* Hoop Stress -2 MPa

3

0-
0
C 2

pnm0.6

1 10 100 1000 10000 100000 1000000

Flaw Size, a (mm)

Figure 7. Crack extension as a function of the initial crack

size. Case., (a) is at the peak stress in Fig. 6 while case (b)

is at a post-peak stress state.
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Figure 8. Stress strain curves and pulse-shape distortion for

(a) the linear elastic case, (b) the non-linear elastic case,

and (e) the damage mechanics case. Note that only the

damage case produces pulse broadening.
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Not3 that the unload is controlled by !he secant modulus, not the

tangent modulus h controls loading.

In order to investigate the effect of a damage-based theology

on the waveform, we assume a stress-strain curve which has the

a.xove behavior and is of the form:

o=Eo(l- e " ) for loading (13)

a=rO(l e"tIr4 c/Ic) for unloading

The basic equations which govern wive propagation in a

damaged medium ar the equations of motion:

a2u .Oa fxt
P--2U~ +  ' (14)

The difference equations corresponding to eqns. (10) and (11) are:

u+t= 211h - uh-j5 + (-q'Ax d~n+I/2 -nJ+Q (15)

4i2 = c en12

C,+W a+, ( - un)
Ax

0P/ Ax

24



This formulation is a general one which includes the linear elastic

case, the non-lincar elastic case, and the damage case. The linear

case was tested against the known analytic solution for Ihe case

where f(x, t ) is a Gaussian function.

Waveforms calculated for the elastic, non-linear elastic, and

damage cases are compared in Figure 8. For the elastic case, the

shape of the response pulse is the same as that of the input force. As

the input force increases for 0 to a0, the response increases from

point 1 to point 2. As the input force decreases from a0 to 0, the

response is from point 2 to 3. For the damage case, the response

pulse can be divided into three segments. For the first segment,

from point 1 to 2, the response is almost the same as the linear

elastic case. The second segment, from point 2 to 3, deviate. from

the elastic case, in the sense that it propagates more slowly due to

the change in slope of the stress-strain curve. The last segment, the

unloading from 3 to 4 is elastic where the modulus is the secant

modulus shown in Fig. 3. The result is that the response pulse for

the damage case is wider than that for the elastic or the nori-linear

elastic cases.

DISCUSSION~
We have developed a damage mechanics for compressive stress

which has been verified using existing data for a wide variety of

rocks (Ashby and Sammis, 1989). A simple one-dimensional

application of this model provides a plausible explanation of the

pulse broadening observed for underground explosions in granite.

The scaling relation between the size of the preexisting flaws and the

25



stress required to increase damage offers an explanation of why such

broadening is neith.r predicted by the rheological parameters

measured on granite specimens in the laboratory nor observed in

laboratory explosion simulations.
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ABSMCT~

The development of microcrack damage in brittle solids in compression

is analyzed, using a simple model. The model is developed from rezc'nt detailed

analysis of the initialtion, propagation and linkage of microfracturcs from

pre-existing cracks, voids, or other inhomogenetics. It describes the evolution

of damage with strain and from it the stress-strain response, and criteria for

failure, can be established. The results are used to construct failure surfaces

in stress space which combine information about brittle failure with data

describing the onset of plastic yielding. Such failure surfaces are constructed

for a number of rocks and are compared with previously published

experimental data.

ZS/29



When a brittle solid is loaded to failure, it does so by the propagation or

cracks. The cracks ntsclcvtc and propagate from inhomogcncijcs., by which we

mean hoses, inclusions, microcracks, surface scratchcs or other defects. The

difference between compressive and tensile fracture is that in tCnsion a single

crack grows unstably (once started, it accelerates across the sample to cause

failure) while in comprcssion a population of small cracks extend stably, each

growing longer as thc stress is raised, until they interact in some cooperative way

to give final failure (Figure 1). Because of this, the strength of a brittle solid in

compression Is usually greater, by a factor of ten or more, than that in tension.

Mcasurcmcnts of the crushing strength of stone, brick and or cement must

have been of interest to civil engineers since pre-Roman times. Systematic

measurements of compressive strength really began about the middle of the last

century (for its history, see Jaeger and Cook, 1976) but without much attempt to

understand what dctermined it, or why brittle materials had useful strength in

compression but none to speak of in tcnsion. Elucidation of the mechanics of

brittle tensile fracture has its roots in the work of Griffith (1924), Irwin(1958)

and others that followed (see Knott, 1973, for a review), which has lcd to the

development of fracturc mcchanius as a branch of engineering design. The

understanding of comprcssive brittle fracture is more recent, and still

incomplete. A recent series of papers and reviews (Griggs and landin, 1960;

Paterson, 1978; llallbaucr ct al., 1973; Tapponnier and Brace, 1976; Wawcrsik and

Fairhurst, 1970; Wawcrsik and Brace, 1971; Ncmat-Nasscr and florii, 1982; Newman,

1978; Ashby and Hallam, 1986; Sammis and Ashby, 1986) have established that an

isolatd crack in a large body grows stably until its length becomes comparable

with Ihc dimension of the body itsclf; and that when many cracks arc present (as

they always arc in natural rocks, in brick, in concrete and most ceramics) the

cracks grow stably until their length is comparable to their spacing when they

interact, an instability develops, and the sample fails.
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The problem can be complicated by time-dependent effects (Andcrson and

Grew, 1976; Martin, 1972; Waza ct al., 1980; Sano ct al., 1981. Costin and Holcomb,

1981; Atkinson and Meredith. 1987b), which have at least two origins. On the one

hand crack growth can be limited by a chcmical reaction, often with water. On

the other, cracking in compression is associated with dilation; if the body is

saturated with a fluid, then its flow into the dilating rcglon can introduce a time-

dependent aspect to fracture. In both cases, a static load which does not

immediately cause failure may still do so if left in place for a sufficient length of

time.

The understanding of compressive brittle fracture is still incomplete, but

the mcchanisms involved arc much clearer than a decade ago. It seems an

appropriate time to try to abstract from the new observations and modelling a

simplified description of compression-cracking, basing it as far as possible on the

physical understanding. The goal is to develop a dam.ge mechanics of brittle

sidsi., from which the strcss-strair, response and an operational definition of

failure can be derived for a material with a given set of elastic properties and

given defect population, under a given state of stress. Two attempts to achieve

this can be found in the open literature; that of Costin (1983, 1985). and that of

Sammis and Ashby (1986). Central to the problem is the relationship between

stress and crack extension. Costin (1983, 1985) postulates a relationship of

reasonable form, and develops from it expressions for the failure surface which

(with some adjustable parameters) give a good description of the experimental

data available at that time, but the model is not based on a physical model for

crack growth. Sammis and Ashby (1986) and Ashby and Hallam (1986) use

methods of fracture mechanics to develop a physical model for crack extension,

which they use to plot stress-strain curves for brittle solids from which failure

surfaces can be constructed, but the complexity of their model makes the process

cumbersome. In the present paper we attempt to develop a simpler, model-based
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mechanics of brittle compressive fracture, drawing heavily on the previous

pieces of work.

2. CRACK INITIATION IN COMPRESSION

Most brittc solids contain inhomgcncitie: small holes or cracks, particles

which are poorly bonded, or phases which have differ'mnt moduli or strengths

from those of the matrix. Any one of these can act as nuclei for ncw cracks when

the solid is loaded.

The range of possible nuclei is wide, but the spectrum of their

characteristics is probably bracketed by two extremes: the spherical hole and the

sharp inclined crack (Figure 2). Both have been studied experimentally and both

have been modeled, the first by Sammis and Ashby (1986) and the second by

Nemat-Nasscr and I-orii (1982) and Ashby and Hallam (1986). In both cases, the

criterion for crack initiation, under axisymmetric loading has the form

OClF C1(3 - CrO

where cl and co are material properties, al is the axial stress, and 02=a3 the radial

stress (both positive when tensile, negative when compressive).

In the later development of this paper we consider the growth of crack-

damage from initial, inclined cracks as in Figure 2a. For this case (Ncmat-Nasser

and Horii, 1982; Ashby and Hallam, 1986) cracks initiate when

1/1,

G = G 1/ a3 - / (1)

(+A2) 12 -
2)"'l

where . is the coefficient of friction acting across the crack faces, KIc is the

fracture toughness of the material through which the new crack propagatces, and

2a is the length of the original inclined crack. Rocks, typically, show a

coefficient of friction of about 0.6, in which case C1 = 3.1 and ca"= 3.1 Kic/ 1ca.

Crack initiation from holes (Sammis and Ashby, 1986) gives similar valucs.
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Crack initiation can bc dctectcd in scveral ways: by the start of

acoustic cmission, by the first non-lincarity of thc stress-strain curve, by the

dilation of the sample, or by a sudden incrcase in intcrnal friction. Nonc give

very accurate dat3. but thcy do allow a test of cqn. (1). Figurc 3 shows data for

crack initiation in Westerly granite obtained by the first thrcc techniques

(lolcomb and Costin, 1986; Brace ct al., 1966) plottcd on axes of al and 03 to allow

comparison with cqn. (1). The lincar relationship gives a good dcscription of the

data with a slopc betwecn 2.7 and 3.3 (corresponding to tt = 0.55 to 0.64) and an

intercept of 70 - 79 MPa (corresponding to a crack lcngth 2a close to I mm whcn

Klc= I MPa 11 ).

The thcory gives an adequate dcscription of the data. It is used to describe

the initiation of damage in tha diagrams shown later. In each case. experimental

data arc fitcd to cqct 1l) to give It and a (using published data for KIc). Results of

this analysis are summarized in Table 2. In the computations, it is convenient to

normalize the equations by the quantity Kkc/l'.I giving

S1 =c1 S 3 -So (2)

with~

S1 
= a, f7ra /Kc (3)

S3 = Cr ftaI/ K~

Cl=(I +A2) 1/2 +

G + 2) 
-1

so--

SO= - T1

( i+g2) 1

3. CRACK GROWHE AND INTERAC'IQM N
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Once initiated, the wing cracks (as we shall call the crack-like extensions

of the original flaw) grow longer. During growth, the stress intensity K! at the

tip of each wing crack is equal to. or exceeds, the fracture toughness Kic of ihc

solid. The condition for crack advance is simply

KI j KIc

The difference between tension and compression, as already mentioned, is that

growth in comp.cssion is s.ablc: each increment of crack advance requires an

increment of load, at least until the cracks start to interact strongly. We will

assume that a steadily increasing load drives the cracks a a steady rate, though in

reality the inhomrogcncity of natural materials may cause them to extend in little

jumps. The problem, then, is to calculate KI at the tip of the wing cracks.
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3.1 Crack Growtb tmnI S a-er Flaws of a Single Size : The 2-Dimcnsional Case

Figure 4 shows an array of through-cracks, growing in a linear-elastic

medium under a triaxial stress ficld I -03 , positive when tensile, negative when

comprcssivc. Considcr fi st the growth of a single. isolated crack front an initial

inclincd flaw: interaction comes later. The upper inset of Figure 4 isolates one

crack: it is made up -I' An initial crack of length 2a lying at an angle y to the XI

dirc.tion with two wings, each of length I which (we will assume) lic parallel to

X 1. The stress intensity at :he tips of the wing4 is obtained approximately, but

adequately, in the following way, based on the work of Nernat-Nasser and llorii

(1982), Ashby and HIallam (1986), llorii arl Nernat-Nasser (1985, 1986), and

Kcimny and Cook (1986).

'Ihe remote field G 1, 03 creates a shear stress -t and a normal stress a across

faces of the initial crack. The crack slides (resisted by the coefficient of friction

Iti), wedging open the mouth of each wing crack by 8 (Figure 4). The wedging can

be thought of as caused by forces, 13, parallel to X3, acting at the midpoint of the

crack. The stresses % and a are given by
=3r O sin 2%y (4a)

2

a 3 +a 1  a3 - (4b!
if= + cos 2V4b

2 2

F3 is simply the component of the sliding force acting parallel to X3:

F. =(t+jto) 2a sin V (So)

or

F3='(A ) cr A3a3) a (5b)

where Al and A3 are constants which depend on V, to be determined in a moment.
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The forcc F3 octing at the mid point of a crack of length 21 creates a stress

intcnsity tending to open thc crack (Tada ct :1., 1985, page 5.1) of

This result gives a good estimate of the stress intensity at the tip of a wing crack

whcn I is largc, but it breaks down (becoming infinite) whcn I is vinishingly

snml. The stress intensity at the tip of the initial inclined crack is not infinitc,

but can be calculated exactly as explaincd in the last section. We overcome this

problem by introducing an "cffective" crack length ( I + Pa) giving

F3(K '=/x(1+ a) 6

We thcn choose 0 so that (KI)l becomes equal to that for the inclined crack when I

is zero.

Before doing this, we note that there is anothcr contribution to KI at the tip

or the wing crack. The rcmote confining stress a3 acts not just on the angled

crack but on the wing cracks of lcngth I. In so doing, it produces an additional

contribution to thc strcss intensity, tcnding to close the crack when 03 is

compressive (Tad• ct al.. 1985, page 5.1):

(K,)3 =q3-F"/- (7)

Summing the two contributions, with F3 given by cqn (Sb), gives:

KI F3
K1 = + .--7C (8a)

h (1+3a)
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A- Aa 1 1 +a-,r, A3
ltI + YL (8b)

whcrc L = I Ia. Thc cracks extend until K! bccomc, equal to KIc.

Thc constants arc found by ensuring that this cquation reduces to the exact

rcsult for crack initiation (L = 0) and matchcs the known results for very long

cracks (L >> 1). given by Ncmat-Nasscr and llorli (1982) and Ashby and lallam

(1986). cqns. (3) and (6). This gives

A!  LE I + It:!) (9)

(=l +I2) 112+
I/2

I+ j

p=0.1

Equation (8b) with thc values of Al. A3, and 1 (and with K! = KIc ) is plotted in

Figure 5. It shows G I 4Vta/Kle plotted against L with the earlicr numcrical

results of Ncmat-Nas,.:r and Hlorii (1982). Equation (8) is obviously a good

approximation to the earlicr calculations.

Now the interaction. Thc main part of Figure 4 shows an array of NA

cracks per unit area, all of which have extended to a lcngth 2( 1 + Ct a.) The cecnter-

to-ccntcr spacing of the cracks is

= * = (10)
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so that j. uncrackcd ligament of average lcngth S - 2 ( I + cta) remains bcwcen

the cracks in the XI direction. (Here a is simply a gcometric constant, and must

be distinguished from P; for cracks at 45* to XI, a- I / Y-). An opening force F3

acts at the midpoint of each crack. Equilibrium requires that this opening force

be balanced by a mean internal stress 031 in the matrix, as shown in the right

hand side of Figure 4. The avcrage internal stress is given by

F3F3 = -( I I)
S-2(1+aa)

This acts on the wing cracks, so that cqn (7) now becomes

(K.) 3 - ( 3 + -3)1"T (12)

We now define the initial damage DO and the current damage D by:

2
Do=x(ca) NA (13a)

2
D=x(l+aa) NA (13b)

giving

1/2- A, a, - A3 03) (Do/n)
a3 - (14)

Ca (I -2(D/7t)

Equations (8a) and (8b) now become
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F3+ + )K=+ P ))2 + 03) 4K (' 15a)

)1 ("2b)

ltcrc the first icrmn in thc curly brn-ckcts describes the wedging plus the crack-

crack intcraction; and the scond tern describs the closing effect of the lateral

confining stress. The cracks propagate until KI rails to Kic. Using this,

rearranging and aggregating thc constants (with /j7 ,, 1)gives far

proportional loading (with ). = a3 /ot held constant):

12 'D 12l2  )1

-C(f(D-YD 1 --

7C~o 4a)0 +(c

and for loading at constant (I
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((UD ) 112 14 ) S [ C D D 1 D2 ) 1

11 _)112

(17)

where Si and S3 are defined by equation (3). The values of the constants 2re

C-A3 (1+g1.1 
2+

C=-=(1 + J2) 1 2+

C2 = "i- a (18)12

C3 = '

C4 ="T 7 = cc 3/
Ar~7 2) 1/2

Figure 6 shows how the axial stress crl varies with damage D for various confining

pressures. The left hand figure shows proportional loading; the right hand

figure , loading at constant 03. The peak stress, (al)max , rises and moves to the

right as X or 03 is incrcascd. The shapes of the curves at constant X differ from
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thosc at constant 03, as expected, but (hie are at the samc stress. Figure 7

shows (al)max plotted against 03 for both conditions: tile points lie on the same

line.

3.2 Crack Growth from Starter Flaws or a Single Size. The 3-dimeniional CMse

It is usually the case that flaws are completely contained within tle

matcrial. The merit of the 2-dimensional calculations developed in section 3.2 is

that it points to a way of tackling this more difficult 3-dimensional problem. We

require the strcsi intensity at the periphery of a contained .rack emanating from

a starter flaw (which we take to be an inclined, penny.shapd crack) which we

will equate, as before, to Kic . This we do by calculating the wedging force F3 as

in the 2-dimensional case. The wedging force creates an average internal stress

(3i , The stress intensity at the tip of a given wing crack is calculated from the

wedging force and the total lateral stress (03 + 03i), as shown in Figure 8. The

significant difference in the results of this 3-D and the earlier 2-D calculations is

that the dependence of Sj and S3 on damage D involves different powers.

The wedging force F3, as before, is calculated from the shear and normal

stresses (cqn 4) acting on the initial crack plane, times the crack area, resolved

into the X3 direction:

F3 = (c+ go) na2 siny

=- (Ai Ol- A3 cU3 )a 2  (19)

Unlike the 2-D case, there are no exact analytical solutions for limiting cases

which allow A1 and A3 to be determined, so we make the assumption that they

have the same values as before (equation 9) but make provision to adjust them

later to match experimental data.

The stress intensity KI has the same three contributions as before. The

wedging force F3 induces a stress intensity (Tada et al., 1985, page 24.2)

41



(KI + 3) (20)

where P is introduced for the same reason as before: to give a limiting value of

(KI)I when I = 0. The contribution due to (3 and 031 are (Tada et a., 1985, page

24.2).

(K,1) 3 : " (a3 +0,) (21)

The internal stress for the 3-D case is

F
3 2"3=(22)(3A-x(l+aa) 2  (2

where IC I + c a) is the total crack area projected normal to X3 and A is the area

per crack

A 1/3(c (23)

where NV is the number of cracks per unit volume.

Damage is defined in a way which parallels that in 2-dimcnsions:

4 ((24a)

3= (+{ ) N  (24b)

giving
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- (A, -IA 3 3 )D 2 /3  (25)
CF3 -1 1

rhe stress intensity at the tip of the wing crack is

r 3  2) ( f -
KI 312 + o 3+ +a3 (26)

A~I~,) 1 4- 3 12)fD01

~ ~+p,3/2\ AJ~.~O 2 23ic a (( Do ) 1-3 +0/()I-

2)L 2 2 ( /3 2-- 7C (D/Do)' 1 )

As bcforc the cracks propagatc until KI falls to KIc. Rearranging and

aggregating the constants the gives, for proportional loading:

((D 1/ 3  ')I 3/ 2

-C2(() - 1 +)

3D°2/ 3  D 1 - D 1/ -

(I -C, X) 1+ 2/3)-)o _ I C4)L( oj

and for loading at constant a3
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D 02'3  (D )?/3 31

(28)

where S I and S3 arc defined by equations (3). The values of the cunstants arc,

1/2

A (l~ 2) 112

2I 3/2 22 12

C2= A 7C (29)

C3=2

2 a 2 7ce 2 )1

C4 A2 ((I+U) -

The equations and constants have a form very like those of the 2-

dimcnsional model. Two significant differences should be noted. First, the extra

dimension causes the powers of D which appear in the equation to differ (not

surprisingly) from those of the 2-D model. Sccond, the constants Cl to C4 arc not

known with the same precision as those of the 2-D model because accurately-

known limiting cases are not available to calibrate them. We shall assume
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(reasonably) that the dependence on the cocfficient, g., is properly included, but

that the constant 0 may require further adjustment to give a good match with

experiment.

Figurcs 9 and 10 illustratc some features of the results. The axial strcss at

first rises as damage grows (Figure 9), passing through a peak which shifts to

higher values of damage as the confining pressure increases. The damage

surface, shown in Figure 10, is almost a cone meaning that, to a first

approximation, the failure envelope is described by

a I = C 0 3 - a C

wherc C is a constant and cc is the unconfined compressive strcngth. The value

of the mnodcl is that it gives a physical interpretation to C and oc , and relates them

to the initial damage, the coefficient of friction, and the crack size.

4. ANALYSIS OF DATA

The strength of many diffcrcnt rocks have been determined under triaxial

loading conditions ( III > 0a21 = 1031, where all three principal stresses P-re

compressive) . For a few, the initiation of microcracking has also been

determined. We now apply the damage mechanics model developed above to nine

different rock types for which the most complete data sets exist : granite, aplite,

dunitc, cclogite, gabbro, sandstone, limestone, marble and rock salt. These rocks

represent a wide range of composition and initial damage. Granite, aplite, dunite

and cclogite are low porosity, crystalline, igneous rocks in which the initial

damage is mostly in the form of low aspect cracks. Limestone and sandstone arc

porous sedimentary rocks in which the initial damage is mostly in the form of

high aspect pores. Marble is a metamorphic rocks with initial damage of a form

intermediate between the previous two extremes. These rocks also span a wide

range of yield strength. The igneous rocks have yield strengths in excess of 2 GPa
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while the calcarcous rocks (limcstone and marble) yield at stresses below I ON'.

Rock salt is at the low extreme with a yield strength below 100 MPa.

The damage mechanics model formulated above has three constants: 11, a,

and p. They are not strictly adjustable because the theory makes predictions for

their values. Howevcr because of approximations in the derivation, and the

uncertainties in the aspect ratio of the starter flaws, we have treated P as

adjustable, choosing the value 0.45 to give the best fit to the data.

For those materials where crack initiation data are available, the crack

length 2a and the coefficient of friction lt are determined from the initiation

surface (see Table 2)

01=Cl c3 + co

where Ci and ao are given by equation (I). Kic is also required. Although Klc

may be estimated for most rocks (Atkinson and Meredith, 1987a), the starter flaw

size is not known in most cases and must be treated as an adjustable parameter.

The derivation of the fundamental equations (27) and (28) from equation (26)

gives C3 = 2, and this gives a good description of the materials we have examined.

Each material will now be discussed in turn. The triaxial data for damage

initiation and failure arc presented on plots of ct1 vs a3 . The theoretical fracture

initiation surface (cqn. I), surfaces of consta.t damage, and the. failure surface

(calculated from the maximum of eqn. (28) for each value of c13 ) arc plotted on

these graphs for comparison with the data.

As the confining pressure is increased, brittle fracture is made

increasingly difficult. A critical pressure may be reached at which true plasticity

replaces crack extension. This transition can be illustrated by plotting a yield (or

creep) surface, defined by:
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(Y= 2 ( 'a2)2+(a2-C)3)2 (30)

The yield surface is plottcd as a pair of heavy broken lines on each figure The

yield strength, ay, can be derived from hardness, II, data since cry = 1/3. The

material properties and constants used to gcnerate the theoretical initiation and

failure curves are tabulated for each solid.

4.1 G it

Westerly granite is a fine-grained (0.75 mm.). low porosity (0.9%),

isotropic, two-mica calc-alkaline granite which has become a standard material in

rock mechanics testing (see Scholz, 1986, for a b. ef history). Mineralogical

modal analyses arc given by Birch (1960) and Wawersik and Brace (1971).

Figure I la shows theoretical surfaces for initiation, constant damage, and

failure at low values of the confining stress. The fracture initiation data from

Brace et al. (1966) were determined front the onset of non-linear behavior of the

volume strain. Only data taken at the highest loading rate arc plotted here in

order to minimize effects of subcritical crack growth (which we do not model).

The three initiation points front Holcomb and Costin (1986) were determined from

the onset of acoustic emission (AE) in a previously unstressed sample. Also shown

is a surface of constant damage mapped by Holcomb and Costin (1986) using the AE

Kaiser effect as a probe. The triaxial failure data are from Brace et al. (1966) and

Mogi (1966).

Figure 1lb shows the failure surface extended out to large values of the

confining stress where it intersects the yield surface. Data at low and

intermediate confining pressures are from the same sources as in Figure I la.

Those at high confining pressures are from Schock and Heard (1974) for Westerly

granite and from Shimada (1981) for Man-nari granite (grain size 1-3 mm,

apparent porosity: 0.7%). It is evident that the failure surface has considerable
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curvature and deviates from oi;r ,hc;rctical model at high confining pressures.

Although Janach and Guex (1980) have modeled this curvature in ternms of the

formation of shear bubbles at the grain boundaries. Figure 1lb supports the

possibility that the curvature is due to a gradual transition to ductile behavior.

Analogous curvature is evident in subsequent figures for limestone, marblc, and

NaCI which are known to exhibit ductile behavior at moderate confining

pressure, although the curvature in these rocks occurs over a more limited

pressure range. The broader transition in granite may refcct its multimincralic

composition for which the individual minerals have different brittle - ductile

transition pressures. Note that the two granites show diffcrcnt transitional

behavior at intermediate pressures. but that both approach the same ductile limit.

Schock and Hcard's observation that the stress- strain curve is linear to failure

may be due to the convergence of the initiation and failure surfaces at very high

confining pressures in Figure lib. The sudden release of energy and shear

localization at failure do not preclude stress concentration by ductile processes in

the weaker minerals.

4.2 AlM

Brace ct al. (1966) studied a quartz-oligoclase aplite (63% oligoclase, 27%

quartz, and 10% biotite) which they described as fine-grained and flinty,

apparently isotropic, and of high strength. The feldspar is highly altered. The

grain size of the ground mass is about 40 pm and of the phcnocrysts, about 100 tim.

The small grain size and high strength arc consistent with the small flaw size

required by the model (see Figure 12). The relatively high initial damage is

consistent with di flnty texture. A high density of small flaws may explain why

flinty materials can be rclablv fashioned into tools by flaking off small bits in a

controllable manner.

4.3 Dunite
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Dunite is an almost pure olivino rock. Shimada ct a. (1983) measured the

comprcssive strength of liorornar, dunihe (grain size. 0.1-0.9 nam) at confining

pressures up to 450 MPa using a conventional triaxial testing apparatus and to 3

OPa using a cubic press. Acoustic emnissions showx-d a change in failure mode at

confining pressures between 0.44 and 0.77 GPa. Below thsc prcsurcs, Ae, activity

increased rapidly between the onset of dilatancy and failure (the typical pattern

for brittle failure). Above the trnsition pressurc, and incrcac in AE activity was

not .bscrved to precede failure; rathcr, the level of AE rcmaincd nearly constant

up to failure. Shimada ct al. (1983) correlate this change in AE behavior with the

cxtreme curvature in the failure envelope. As Is evident in Figure 13, our model

suggest that this change in behavior is associated with the transition to plastic

deformation.

4.4 EdLu

Eclogite is an ultramafic pyroxenc-garnet rock. The Akaishi eclogite

measured by Shimada ct al. (1983) was composed of 0.1-0.3 mm pyroxcnc grains

and 0.8-2.3 mm garnet grains. It had a density of 3.642 gal/cm3 and a porosity of

0.4%. Conventional triaxial tests covered a range of confining pressures from 0 to

450 MPa while tests in an opposed anvil cubic press extended the confining

pressure to 3 GPa. As discussed above for dunitc, the AE patterns indicate a

change in failure mcchanism at confining pressures between 1.02 and 1.99 CPa.

The data and theoretical surfaces arc given in Figure 14.

4.5 Qabbro

In addition to dunite and cclogite discussed above, Shimada ct al. (1983) also

studied Murotomisaki gabbro, a hypcrsthene-bearing-olivine-augite gabbro. The

grain size of the olivine component is 1-2 mam, pyroxcnc is about 0.7 mm, and the

plagioclase is about 0.7-3 mm. The bulk density is 2.985 gm/cm3 and the reported

porosity is 0.4%. The pattern of AE indicated a change in failure mechanism at
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confining pressures betwcen 0.51 and 0.76 OPa. The data and theoretical surfaces

art givcn in Figure 15.

4.6 Satidtign

The sandstonc data In Figurc 16 were obtalncd in triaxial compression by

Gowd and Rummel (1980). The rock is described as a medium train-sized

Buntsandstonc fTmn SW-Germany with subangular, to round quartz grains bedded

within a claycy matrix.. Its initial porosity was 15% with an initial permeability

ofr 5 microdarcy. The damage initiation data were defined by the onsct of

dilatancy. At confining pressurts above about 30 MPa. the stress-strain curves

are nonlinear at lower values of the axial stress than the observed onset of

dil-tancy. This probably rcflects thc suppression of dilatancy by pore collapse, a

phenomenon which the authors propose to cxplain the total lack of observed

dilatancy at the highest confining pressures. Such effects are beyond the scope of

our model.

A transition from britole failure to apparent ductile shear deformation

takes place at a pressure of about 100 MPa. However, the observed pressure

depcndcnce, of the flow stress for confining prem'sures in excess of 100 MPa argues

against true. ductile flaw and for a cataclastic mod-. of deformation probably

involving pore collapsc. Dilatancy at failure is a constant for confining

pressures between 0 ,nd 40 MPa. From 40 to 100 MPa, dilatancy at failure decrcscs

to zero. Above 100 MPa, brittle taillre does not occur.

4.7 Limestone

Solcnhofen limestone is a fine grained (0.01 mra) nechanically isotropic

limcstone from Bavaria. It hs a connected porosity of 5.3% and a total porosity in

the range 6 - 9% (Rutter, 1972). The strength data in Figure 17 are from Heard

(1960) and include both triaxini compression and tension. The fracture initiation
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points wcrc picked as the onset of nonlinearity in his publlshcd stress-strain

curves and arc o.nly approximate.

.4.8 MiUik1

The cnly marble for which fracture initiation data is available is described

by Bracc ct al. (196) as a medium grained almost pure calcite marble of unknown

origin. They rcport it to be apparcntly isotropic, vcry ductile cvcn at low

confining prcssurci. and having a grain size of about 0.2 mm.

The unusually low fracturc inititioni stress (Figure 18) require;s either

large startcr flaws f- 6 mm) or a low fracture toughness. Since Atkinson and

Meredith (1987ai report Kic as low a 0.19 MPa mi112 for calcite, wc have fit the

initiation data using this value which then implies a starter flaw size of 0.4 mm,

which is comparable to ,ic grain size.

In a inicrocopic study or nucleation in marble, Olsson and Peng (1976)

found that microcracks often nucleate where slip bands intersect grain

boundaries. Althuugh such slip-bands arc physically analogous to angle cracks,

there may be a significantly !argcr number of such nuclei since every favorably

aligned grain is a potential source of nuclei. This may explain the large values of

initial damage DO required to fit the marble data.

The data set which we fit is for Carrara marble which is the fine grainc t

(about 0.1 mm) isttropic marble used by Michaelangelo for the Picta and other

well-known works. Its total porosity is about 1.1% (Edmond and Paterson, 1972).

The triaxial data in Figure 18 are from Von Karman (1911) and Edmond and

Paterson (1972). Brittlc y- ductile behavior was deduced from the. shape of the

strcss-strain curve and from the volume changes associated with the

deformation.

4.9 Rock Salt
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Rock salt exhibits a room-temptrature brttc-to-ductile transition at the

lowcst confining prcssurc of any rock in this study. llunschc (1981) tested three

typrsi of natural salt at low confining pressure under both the common triaxial

loading and the Ics common true mullalal loading at strain ratcs of about 106  "

1 flandin (1953) collcctcd conventional triaxial data to higher confining

pressures at a strain rate or about IC"4 s"I. ibhest data arc shown in Figure 19.

1. An approximatc physical model for damage evolution in brittle solids

undcr compressive strcss states has been developed. The model is based on the

growth or wing cracks from a population of small, inclined, starter cracks; and

the interaction between them. The important variables of the problem are: the

sizc. 2a, or the initial inclincd cracks, and the initial damage

43D= .x a NV

Thc state of the material is measurcd by the current value of the damage

D = ±x0 + a)3 NV

wherc I is the lcngth of the wing cracks.

A numbcr of simplifying assumptions are made in the current model. In

particular it is assumed that the population of initial cracks all havc the same size.

One consequence of this is that the initiation surface (that is , the combination of

strcsscs corresponding to ahc first extcnsion of the cracks, and thus the first

increment of new damage) is lincar, dcscribcd by:

al =CI 3 -ao
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Similarly, damage itself is a State variable so that surfaces of constant damage in

stress space arc also linear. Tha surfaces corresponding to final macroscopic

fracture is not one of constant damage (as often assumed) . The tcrminal damage

itself dcpends on the strss state, but it. too, Is well tpproximatcd by a linear

rclationship:

01 =C203 -oc

where oc is the simple compressive strength.

The model has bccn fitted to data for ,cr o~f rocks. The process givcs

physical insight into the damage accumulation and failurc of thcse matcrials in

compression. In particular, the fitting process leads to a valuc for the coefficient

of friction across thc crack faccs; tnc sixe of the initial flaws; and the initial

damage DO . The failure proccss depends principally on thesc variables.

Curvature of the failure surface is shown to depend, at lcast partly, on an

interaction betwecn the brittle failure mcchanism, and plastic flow. Rocks which

show clearly established plasticity at high pressures (marblcs, and rock salt, for

example) show a brittle regime at low pressures, a transitional regime at

interinediate pressures (!rth depending strongly on pressure), and a regime of

plasticity at high pressures which is independent of pressure itself. It is

noteworthy that silicate roerks such as granite, gabbro, dunitc and aplite show a

similar behavior, with the transition to plasticity dominating failure at confining

pressures of general order E/30. This transition, at first sight a surprising one, is

nonetheless to be expected at such strcss levels which are roughly the theoretical

shcar strength of the minerals within the rock.

Several other notcworthy conclusions emerge. One is that, in rocks which

arc almost fully dense, the initial flaw size is roughly equal to the grain size of the

rock itself. But the initial damage level, Do , varies widely. In !ow porosity

crystalline silicates such as granite, this level is low (typically 3%); but in
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intrinsically-plastic materials like calcite an% rock salt, the initial damage level is

high (or order 15%) perhaps because the laws from which wing cracks grow arc

slip bands within suitably oricnted grains rather than cracks.

3. Data for rocks which arc almost fully dense are well fittcd by the model.

We find, too, that porous rocks (limestone and sandstone, both with roughly 15%

porosity) are also well fitted. This suggests that an analogous theoretical

dcvclopment may be possible for porosity induced cracking too.

This work was supported by the United States Airforcc DARPA contract

#F19628-86-K-0003
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FIGURE CAPTIONS

Figure 1. Compressive failure of a brittle solid containing a distribution of
flaws.

Figure 2. Cracks can initiate at inclined (laws and at holes. In both cases there
arc two contributions to KI , the opening stress intensity at the tip or
the growing wing cracks. One is caused by the stress concentrations
at the (law; the other Is due to the closing effect of 03.

Figure 3. Data for crack initiation in Westerly granite. Crack initiation data
for several other rocks are analyzed in section 4. In all cases the
data arc well fitted by equation (I) with a coefficient of friction
between 0.55 and 0.65.

Figure 4. A population of growing cracks. We first analyze the growth of an
isolated crack (shown above) and then include the crack-crack
interaction (illustrated on the right).

Figure 5. A comparison of the approximate equation (8b) with the numerical
calculations of Ncmat-Nasser and Horii (1982). The approximation is
adequate for the present purposes.

Figure 6. The dependence of axial stress on damage as predicted by equations
(16) anti (17). The peak strss is marked. We take this as the failure
stress.

Figure 7. The peak value of oi plotted against 03 to show the failure surface.
In the present formulation, damage is a state variable.

Figure 8. Wing cracks growing from an initial, constrained, penny-shaped
flaw. The geometry is more complicated than in the 2-dimensional
case but the same method can bc used to give an approximate
solution for KI at the tips of the wing cracks,

Figure 9. The dependence of axial stress on damage as predicted by equations
(27) and (28). The peak stress is marked. We iake this as the failure
stress.

Figure 10. The peak value of ei plotted against 03 to show the failure surface.
In this formulation, damage is a state variable.

Figure 11. Comparison between experimental and theoretical failure surfaces
for granite. Data and theory for microfracture initiation and
surfaces of constant damage are also compared. The yield surface
(cqn. 30) is also plotted as the heavy broken lines. Part (a) is limited
to low and intermediate confining stress; part (b) extends to the
largest measured confining stress.

Figure 12. Comparison betwce, experimental and theoretical failure surfaces
for aplitc. The heavy solid line is the theoretical failure surface.
The light solid line is the surface for the initiation of
microfracturing while the light broken lines arc surfaces of
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constant damage. The heavy broken line is the yield surface (eqn.
30). Part (a) is limited to low and intermediate confining stress: part
(b) extcnds to the largest measured confining stress.

Figure 13. Comparison between experimental and theorctical failure surfaces
for dunite. The heavy solid line Is the theoretical failure surface.
The light solid line is the surface for the initiation of
microfracturing while the light broken lines arc surfaces of
constant damage. The heavy broken line is the yield surface (cqn.
30).

Figure 14. Comparison between experimental and theoretical failure surfaces
for eclogitc. The heavy solid line is the theoretical failure surface.The light solid line is the surface for the initiation of

microfracturing while the light broken lines arc surfaces of
constant damage. The heavy broken line is the yield surface (eqn.
30).

Figure 15. Comparison between experimental and theoretical failure surfaces
for gabbro. The heavy solid line is the theoretical failure surface.
The light solid line is the surface for the initiation of
microfracturing while the light broken lines are surfaces of
constant damage. The heavy broken line is the yield surface (eqn.
30).

Figure 16. Comparison between cxpcrimcntal and theoretical failure surfzaces
for sandstone. The heavy solid line is the theoretical failure surface.
The light solid line is the surface for the initiation of
microfracturing while the light broken lines are surfaces of
constant damage. The heavy broken line is the yield surface (eqn.
30).

Figure 17. Comparison between experimental and theoretical failure surfaces
for limestone. The heavy solid line is the theoretical failure surface.
The light solid line is the surface for the initiation of
microfracturing while the light broken lines arc surfaces of
constant damage. The heavy broken line is the yield surface (eqn.
30).

Figure 18. Comparison between experimental and theoretical failure surfaces
for marble. The heavy solid line is the theoretical failure surface.
The light solid line is the surface for the initiation of
microfracturing while the light broken lines are surfaces of
constant damage. The heavy broken line is the yield surface (cqn.
30). Parts (a) and (b) arc limited to low and intermcdiate confining
stress; part (c) extends to the largest measured confining stress.

Figure 19. Comparison between experimental and theoretical failure surfaces
for rock salt. The heavy solid line is the theoretical failure surface.
The light solid line is the surface for the initiation of
microfracturing while the light broken lines are surfaccs of
constant damage. The heavy broken line is the yield surface (cqn.
30). Part (a) is limited to low and intermediate confining stress; part
(b) extends to the largest measured confining stress.
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Figure 20. Comparison between experimental and theoretical failure surfaces
for marble at low and intermediate confining stress. The heavy solid
line is the theoretical failure surface. The light solid line is the
surface for the initiation of microfracturing while the light broken
lines are surfaces of constant damage. The hevy broken line is the
yield surface (eqn. 30).

Figure 21. Comparison between expzrimental and theoretical failure surfaces
for marble at low and intermediate confining stress. The heavy solid
line is the theoretical failure surface. The light solid line is the
surface for the initiation of microfracturing while the light broken
lines are surfaces of constant damage. The heavy broken line is the
yield surface (eqn. 30).

Figure 22. Comparison between experimental and theoretical failure surfaces
for marble extended to the highest measured confining stress. The
heavy solid line is the theoretical failure surface. The light solid
line is the surface for the initiation of microfracturing while the
light broken lines are surfaces of constant damage. The heavy
broken line is the yield surface (eqn. 30).

Figure 23. Comparison between experimental and theoretical failure surfaces
for rock salt at low and intermediate confining stress. The heavy
solid line is the theoretical failure surface. The light solid line is
the surface for the initiation of microfracturing while the light
broken lines arc surfaces of constant damage. The heavy broken
line is the yield surface (eqn. 30).

Figure 24. Comparison between experimental and theoretical failure surfaces
for rock salt extended to the largest confining stress. The heavy
solid line is the theoretical failure surface. The light solid line is
the surface for the initiation of microfracturing while the light
broken lines are surfaces of constant damage. The heavy broken
line is the yield surface (eqn. 30).
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Figure 1. Compressive failure of a brittle solid containing a distribution of flaws.
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Figure 2. Cracks can initiate at inclined flaws and at holes. In both cases there are
two contributions to KI , the opening stress intensity at the tip of the
growing wing cracks. One is caused by the stress concentrations at the
flaw; the other is due to the closing effect of 03.
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0 WESTERLY GRANITE
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Figure 3. Data for crack Initiation in Westerly granite. Crack Initiation data for
several other rocks are analyzed in section 4. In all cases the data are well
fitted by equation (1) with a coefficient of friction between 0.55 and 0.65.
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Figure 4. A population of growing cracks. We first analyze the growth of an isolated
crack (shown above) and (hen include the crack-crack interaction
(illustrated on the right).
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Figure 5. A comparison of the appoximate equation (8b) with the numralnc
calculations of Nemat.Nasser and Hoil (1982). The approximation is
adequ te for the present purposes.
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Figure 6. The dependence of axial stress on damage as predicted by equations (16)
and (17). The peak stress Is mark~ed. We take this as the failure stress.
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Figure 7. The peak value of ol plotted against 03 to show the failure surface. In the
present formulation, damage is a state variable.
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Figure 8. Wing cra.cks growing from an initial, constrained, penny-shaped flaw. The

geometry is more complicated than in the 2-dimensional case but the same

method can be used to give an approximate solution for KI at the tips of the
wing cracks.
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Figure 10. The peak value of al plotted against a3 to show the failure surface. In this
formulation, damage is a stats variable.
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Figure 11. Comparison between experimental and theoretical failure surfaces
for granite at low and intermediate confining stress. Data and
theory for microfracture initiation and surfaces of constant damage
are also compared. The yield surface (eqn. 30) is also plotted as the
heavy broken lines.
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Figure 13. Comparison between experimental and theoretical failure surfaces
for aplite at low and intermnediate confining stress. The heavy solid
line is the theoretical failure surface. The light :olid line is the
surface for the initiation of microfracturing while the light broken
lines are surfaces of constant damage. The heavy broken line is the
yield surface (eqn. 30).
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Figure 14. Comparison between experimnental and theoretical failure surfaces
for aplite extended to the largest measured confining stress. The
heavy solid line is the theoretical failure surface. The light solid
line is the surface for the initiation of microfracturing while the
light broken lines are surfaces of constant damage. The heavy
broken line is the yield surface (eqa. 30).
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Figure 15. Comparison between experimental and theoretical failure surfaces
for dunite. The heavy solid line is the theoretical failure surface.
The light solid line is the surface for the initiation of
microfracturing while the light broken lines ame surfaces of
constant damage. The heavy broken line is the yield surface (eqn.
30).
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Figure 16. Comparison between experimental and theoretical failure surfaces
for eclogite. The heavy solid line is the thcoretical failure surface.
The light solid line is the surface for the initiation of
inicrofracturing while the light broken lines are surfaces Of
constant damage. The heavy broken line is the yield surface (eqn.
30).
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F1igure 17. Comparison between experimental and theoretical failure surfaces

for gabbro. The heavy solid line is the theoretical failure surface.

The light solid line is the surface for the initiation of

microfracturing while the light broken lines are surfaces of

constant damage. The heavy broken line is the yield surface (eqn.

30).
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Figure 1S. Comparison btween cxprimentll and theoretical failure sturfaces

for sandstone. The heavy solid line is the theoretical failure surface.

The light solid line is the surface for the initiation of

microfracturing while the light broken lities are surfaces of

constant damage. The heavy broken line is the yield surface. (eqn.

30).
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Figure 19. Comparison between experimental and theoretical failure surfaces
fcr limestone. The heavy solid line is the theoretical failure surface.
The light solid line is the surface for the initiation Of
microfracturing while the light broken lines are surfaces Of
constaint damage. The heavy broken line is the yield !surftcc (eqn.
30).
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Figure 20. Comparison between experimental and theoretical failure surfaces
for marble at low and intermediate confining stress. The heavy solid

line is the thcorc~cal failure surface. The light solid line i3 the

surface for the initiation of microfracturing while the light broken

lines arm surfaces of constant damzage. The heavy broken line is the
yield surface (eqn. 30).
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Figure 21. Comparison between experimental and theoretical lailure surfaces
for marble at low and intermediate confining stress. The heavy solid
line is the theoretical failure surface. The light solid line is the
surface for the initiation of micro fracturing while the light broken
lines are surfaces of ccestant damage. The beavy broken line is the
yield surface (eqn. 30).
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Figure 22. Comparison between experimental and theoretical failure surface,
for marble extended to the highest measured confining stress. The
heavy solid line is the theoretical failure surface. The light solid
line is the surface for the initiation of microfracturiag while the
light broken lines are surfaces of constant damage. The heavy
broken line is the yield surface (eqn. 30).
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Figure 23. Comparison between experimental and theoretical failure surfaces
for rock salt at low and intermediate confining stress. The heavy
solid line is the theoretical failure surface. The light solid line is
the surface for the initiation of microtracturing while the light
broken lines are surfaces Df constant damage. The heavy broken
line is the yield surface (eqn. 30).
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Figure 24. Comparison between experimental and theoretical failure surfaces
for rock salt extended to the largest confining stress. The heavy
solid line is the theoretical failure surface. The light solid line is
the surface for the initiation of microfracturing while the light
broken lines are surfaces of constant damage. The heavy broken
line is the yield surface (eqn. 30).
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